Introduction
Throughout this paper, R is an associative ring with identity and all modules are left R-modules unless otherwise stated. We also use R M to denote the category of left R-modules, w.gl.dim(R) (resp. gl.dim(R)) to denote the weak global (resp. global) dimension of R, F n to denote the class of all R-modules with flat dimension at most n. For an R-module M , pd R M (resp. fd R M ) stands for the projective (resp. flat) dimension of M , id R M (resp. cd R M ) stands for the injective (resp. cotorsion) dimension of M .
Cotorsion modules have being received a lot of attension in many articles, see [2, 4, 21] . As in [4] , an R-module C is called cotorsion if Ext 1 R (F, C) = 0 for all flat module F . A celebrated result that was proved by Bican et al. in [2] is the Flat Cover Conjecture (FCC): Over any ring, every module has a flat cover and hence every module has a cotorsion envelope.
On the further development on the idea of cotorsion module notion, in [13] , the weak-injective modules have been studied by Lee. Recall from [13] that An R-module W is called weak-injective if Ext 1 R (M, W ) = 0 for all modules M with fd R M ≤ 1 and from [3] that a domain R is called almost perfect (APD shortly) if all its proper homomorphic image are perfect. It was proved in [8, Corollary 6.4.8 ] that a domain R is an APD if and only if every module of flat dimension ≤ 1 has projective dimension ≤ 1; if and only if every divisible module is weak-injective; if and only if every epic image of a weak-injective module is weak-injective.
In 2012 the notion of n-cotorsion modules was introduced in [6] by Enochs and Huang. An Rmodule N is called n-cotorsion in [6] if Ext 1 R (M, N ) = 0 for all R-module M with fd R M ≤ n. But the name of the n-cotorsion module has been used by Mao and Ding. In [15] the n-cotorsion module N means Ext n+1 R (F, N ) = 0 for any flat R-module F . The two notions of n-cotorsion modules are not coincident, see Example 2.2.
In this paper, the n-cotorsion modules which are defined in [6] , following Lee's idea, are said to be L n -injective modules. Thus weak-injective modules are exactly L 1 -injective modules. Denote F n and L n the classes of modules of flat dimension ≤ n and of L n -injective modules, respectively.
In Section 2, we prove in Corollary 2.7 that the n-th cosyzygy of a cotorsion R-module M is L n -injective, and in Theorem 2.8 that an R-module M has flat dimension ≤ n if and only if Ext A cotorsion theory (A, B) is said to be complete [19] if every R-module has a special A-precover. It is shown in [2] that the pair (F , C) is a complete cotorsion theory, where F and C are the classes of flat R-modules and cotorsion modules, respectively. In 2006, it is shown in [13] that the pair (F 1 , W) is a cotorsion theory when R is a domains, where F 1 and W denote the classes of R-modules with flat dimension at most 1 and weak-injective modules, respectively. In Section 3, for the further examination, in Theorem 3.7, we prove that the pair (F n , L n ) is a complete cotorsion theory, where F n and L n are the classes of R-modules with flat dimension at most n and L n -injective modules, respectively. In Sections 4 and 5, we are going to introduce the L n -injective dimension of modules and the L n -global dimension of rings. In Section 6, we start by discussing when L n -injective modules are injective. It is shown in Theorem 6.1 that L n -injective modules are injective if and only if w.gl.dim(R) ≤ n. Then we discuss, for n ≥ 1, when every R-module is L n -injective.
It was shown in [21] that every module is cotorsion if and only if R is left perfect. In Theorem 6.5, we show that every module is L n -injective if and only if R is left perfect with l.FFD(R) = 0, where l.FFD(R) is the left finitistic weak dimension of R defined in [1] . We introduce also the notion of L n -hereditary rings and give a series of consideration on them. Compared the notions of almost perfect rings and L 1 -hereditary rings, we point out that all almost perfect rings are L 1 -hereditary and a domain R is an APD if and only if R is L 1 -hereditary, and in Example 7.4, we give an example that some L 1 -hereditary ring is not perfect.
L n -Injective modules
We start this section with the following difinition.
Naturally, L 0 -injective modules are exactly cotortion modules and L 1 -injective modules are exactly weak-injective modules.
We denote the class of all L n -injective R-modules by L n . (1) Injective modules are L n -injective modules for all integer n ≥ 0. (
. From the definition we have Ext
, that is, the assertion is true for the case k = 1.
Assume
Proof. These are straightforward. Let C be a class of R-modules and M a R-module.
The n-th kernel K n (resp. cokernel Q n ) (n ≥ 0) is called the n-th C-syzygy (resp. C-cosyzygy) of M . In particular, if C is the class of projective modules (resp. flat modules), then K n is simply called the n-th syzygy (resp. n-york) of M ; and if C is the class of injective modules, then Q n is simply called the n-th cosyzygy of M . 
Corollary 2.7. Let C be a cotorsion module. then the n-th cosyzygy of C is L n -injective. Lemma 5.5] ). The following is the further discussion on the modules with flat dimension ≤ n. Theorem 2.8. Let R be any ring and M be an R-module and n ≥ 1. Then the following are equivalent:
( 
It is simillar to the proof of (2) ⇒ (4).
Let R be a ring. Bass defined in [1] the left weak finitistic dimension of R as follow:
Theorem 2.9. Let n < m be two given integers. Then the following statements are equivalent for a ring R:
. It is enough that we assume m = n + 1. Let M be an R-module with fd R M = s < ∞. If s > n, without loss of generality, we can assume s = n + 1. Hence we have Ext
for any L n -injective module W by hypothesis. And so fd R M ≤ n by Theorem 2.8, a contradiction. Therefore, fd R M ≤ n, and hence l.FFD(R) ≤ n. Proof. Pick m = 0 in Theorem 2.9.
The goal of this section is to show (F n , L n ) is a complete cotorsion theory for an arbitrary ring R.
Clearly, flat modules are L n -flat. In [6] L n -flat modules are called n-torsionfree. In the following we denote D n the class of L n -flat modules.
For a right R-module D, write (1) and (3).
Proof. It follows by the following standard isomorphism
where M ∈ F n .
+ are injective and X + is cotorsion by lemma 3.2 and
For the converse, let X be a right R-module and let D be the n-th york of X. Then D is L n -flat by Lemma 3.4 . Therefore, Tor
Let (A, B) be a cotorsion theory. Recall that (A, B) is called hereditary if whenever 0 → A → B → C → 0 is an exact sequence with B, C ∈ A, then A is also in A; equivalently, whenever 0 → A → B → C → 0 is an exact sequence with A, B ∈ B, then C is also in B. Recall that (A, B) is said to be complete [19] if every R-module has a special A-precover. By [19, Lemma 1.13], a cotorsion theory (A, B) is complete if and only if every R-module has a special B-preenvelope.
Let A be a class of left R-modules and let B be a class of right R-modules. Write
and
If B = ⊤ A and A = B ⊤ , then the pair (A, B) is called a Tor-torsion theory.
For a class C of modules, set (2) (F n , L n ) is a complete cotorsion theory. (3) Every R-module has a special F n -cover and a special L n -envelope. Further, for any Rmodulea M and N , there are exact sequences
where F is the F n -cover, W is the L n -envelope, B ∈ F n , and A ∈ L n .
is a cotorsion theory by Lemma 3.6 (1). Moreover, (F n , L n ) is a complete cotorsion theory by Lemma 3.6 (2) .
(3) By Lemma 3.6 (2), M has the F n -cover φ : F → M and N has the L n -envelope ϕ : N → W . Since M has a a special F n -precover, φ is epic. Because F n is closed under extension, A := ker(φ) ∈ L n by [21, Lemma 2.1.1]. Hence φ : F → M is also special.
The other statement is dual to the argument above, but we need to apply [21, Lemma 2.1.2].
In the following we denote F n (M ) the F n -cover of an R-module M and L n (N ) the L n -envelope of an R-module N . (
Proof. It follows directly from the exact sequences in (3.1) Proof.
(1)⇒(2). Let C be an L n -envelope of N and i : N → C be an inclusion homomorphism. C/N ∈ F n holds by Theorem 3.7. Now, let A be a submodule of C such that A N = 0 and B := C/(N + A) ∈ F n . Then the natural homomorphism φ : N → C/A is monic and cok(φ) = C/(N + A). Let L be an L n -envelope of C/A. Then we get the following commutative diagram with exact rows 0
Let π : C → C/A be a natural homomorphism and λ : C/A → L an inclusion homomorphism. Let f : L → C be a homomorphism such that f φ = i. Then f λπ is an isomorphism and π is monic. Hence A = 0.
(2)⇒(1). Let E be an L n -envelope of N and λ : N → E an inclusion homomorphism. Then D := E/N ∈ F n . So there exist homomorphisms f : E → C, g : C → E such that f λ = i, gi = λ. Thus (gf )λ = λ, where gf : E → E. So f g is an isomorphism and there exist homomorphism h : E → E such that hgf = 1 E . Thus C = Im(f ) ker(hg). Set A = ker(hg). Then N A = 0 and C/(N + A) ∼ = E/N ∈ F n . By hypothesis, A = 0. Hen f : E → C is an isomorphism. Theorem 3.11. Let n < m be two given integers. Then the following statements are equivalent for a ring R:
(
Proof.
(1)⇒(2). By Theorem 2.9, F m = F n . Hence, by Theorem 3.7, 
L n -Injective dimensions of modules
In this section, we study the L n -injective modules over an arbitrary ring R. Let M be an R-module. If there exsits an exact sequence
in which each W i is L n -injective, then this exact sequence is called an L n -injective resolution of M . Certainly, every R-module M has an L n -injective resolution. If the following homomorphisms
are L n -envelopes, then the sequence (4.1) is called a minimal L n -injective resolution of M .
Proposition 4.1. Every R-module M has a minimal L n -injective resolution.
Proof. By Theorem 3.7, M has an L n -envelope W 0 . Note C 0 = cok(M → W 0 ). Then C 0 also has an L n -envelope W 1 with C 1 = cok(C 0 → W 1 ) also by Theorem 3.7. The resuit holds by repeating this process. 
Theorem 4.4. Let m be a nonnegative integer. The following statements are equivalent for an
(1) It follows by Theorem 2.6.
(2) It follows from the isomorphism Ext
, and L n id R C are finite, so is the third.
Proof. These results follow easily from the exact sequence
and applying Theorem 4.4, where M ∈ F n .
Proof. It is straightforward.
Proof. This follows from the first exact sequence in Theorem 3.7 (3) and Proposition 4.6.
Proposition 4.9. Let N be an R-module. If id R N < ∞ and every injective R-module has the flat dimension at most n, then L n id R N = id R N . 
Proof. Write id
R N = m. Then L n id R N ≤ m. Pick an injective R-module E such that Ext m R (E, N ) = 0. As E ∈ F n we get L n id R N ≥ m. Hence L n id R N = m.
L n -Global dimensions of a ring
To characterize propoties of rings by using L n -injectivity, we are in the position to define the L n -global dimension of a ring.
Example 5.2. For a ring R, we have:
Proof. (2)⇒(4)⇒(5) and (3)⇒(7) are trivial.
(1)⇔(2)⇔(3). It follows from Theorem 4.4.
Corollary 5.5. For any ring R, the following are identical:
Theorem 5.6. Let m be a nonnegative integer. If l.L n dim(R) < ∞, then the following statements are equivalent:
Proof. (2)⇒(1). Let M ∈ F n . Because l.L n dim(R) < ∞, by Proposition 4.7 and Theorem 3.7 there is an exact sequence
are L n -envelopes of some modules with the flat dimension at most n, and every L n -cosyzygy in (5.1) is in F n . Thus W k ∈ F n L n . By hypothesis and Theorem 3.8,
, and hence pd R M m by hypothesis.
(1)⇒(6). It is clear because every projective module is in F n . (6)⇒(1). Let N ∈ F n . Since l.L n dim(R) < ∞, pd R N < ∞ by applying Theorem 5.4. Then we can pick a projective resolution of
Corollary 5.7. Let n ≤ m. The following statements are equivalent for any ring R:
Proof. It is easy by Theorem 5.4.
Proof. It follows by taking m = n in Corollary 5.7.
Recall that a ring R is called left m-perfect if the projective dimension of every flat module is at most m (see [7] ). By the left global cotorsion dimension (l.cot.D(R)) introduced by Mao and Ding [16] we have: 
Proof. Let K be the (k − n)-th syzygy of M and let N be any R-module. Then fd R (K) ≤ n. Hence Ext
The characterizations of rings
In this section we decide first when every L n -injective module is injective.
Theorem 6.1. The following statements are equivalent for a ring R:
( (3)⇒(2). Let W be an L n -injective module and let 0 → W → E → C → 0 is an exact sequence, where E is injective. Then C is also L n -injective. By hypothesis, fd R C ≤ n. Thus the exact sequence is split. Consequently, W is injective. (
If there is an R-module with the flat dimension large than n, then there is an R-module M with fd R M = n + 1. Take the exact 0 → A → F n (M ) → M → 0 as in (3.1). Then A is L n -injective with fd R A = n. Hence A is injective by hypothesis. Therefore, the given sequence is split. Hence fd R M = n, a contradiction. Consequently, w.gl.dim(R) ≤ n. Proof. Take n = 0 in Theorem 6.1.
Let R be a ring. Bass defined in [1] the left finitistic projective dimension and left finitistic flat dimension of R as follow:
Proof. Let l.FPD(R) = k < ∞ and let M ∈ F n . By [11, Proposition 6] , pd R M ≤ k, and hence Ext
FPD(R).
A ring R is called left perfect if every R-module has projective cover, equivaently. every flat R-module is projective. If R is commutative ring, then R is perfect if and only FPD(R) = 0 (see [20] ). By using the notion of L n -injective modules, we can characterize left perfect rings. Theorem 6.5. Let n ≥ 1. The following statementes are equivalent for a ring R:
(1) Set R 1 = R/(u 1 ). If n = 1, the assertion holds by Lemma 7.1. Now we assume n > 1. Then a 2 , · · · , a n is a regular sequence in R 1 . Thus we may assume by induction that pd R1 M = pd R/J M + (n − 1). Using Lemma 7.1 again we get pd R M = pd R1 M + 1 = pd R/J M + n. be a projective resolution of R/J in which each P i is finitely generated. By taking the dual and using the facts Ext k R (R/J, R) = 0 for k < n we obtain the following resolution 0 → R * → P * 1 → · · · → P * n−1 → P * n → T → 0. 
